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Relation of learning & statistics

* Target model in the learning problems can be considered
as a statistical model

* For a fixed set of data and underlying target (statistical
model), the estimation methods try to estimate the
target from the available data
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Density estimation

* Estimating the probability density function p(x), given a set of

data points {x(i)}}iv: , drawn from it.

* Main approaches of density estimation:

Parametric: assuming a parameterized model for density function

A number of parameters are optimized by fitting the model to the data set

Nonparametric (Instance-based): No specific parametric model is
assumed

The form of the density function is determined entirely by the data
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Parametric density estimation

* Estimating the probability density function p(x), given a set of

data points {x(i)}?; . drawn from it.

* Assume that p(x) in terms of a specific functional form which
has a number of adjustable parameters.

* Methods for parameter estimation
Maximum likelihood estimation
Maximum A Posteriori (MAP) estimation
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Parametric density estimation

?» Goal: estimate parameters of a distribution from a dataset
D = {xM), ..., x("

D contains N independent, identically distributed (i.i.d.) training
samples.

» We need to determine 0 given {x(l), ,x(N)}

How to represent 0?
0" or p(0)!?
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Example

P(x|p) = N(x|p, 1)
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Example

Sharif University
n MLE, MAP Estimation & Bayesian of Technology



Example

Sharif University
n MLE, MAP Estimation & Bayesian of Technology



Example
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Maximum Likelihood Estimation (MLE)

* Maximum-likelihood estimation (MLE) is a method of
estimating the parameters of a statistical model given data.
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Maximum Likelihood Estimation (MLE)

® Maximum-likelihood estimation (MLE) is a method of
estimating the parameters of a statistical model given data.

* Likelihood is the conditional probability of observations D
= {xM), x3), ., M} given the value of parameters 8

Assuming i.i.d. observations:

N
p010) = | [p(x©16)
=1

|

likelihood of 8 w.r.t. the samples
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Maximum Likelihood Estimation (MLE)

® Maximum-likelihood estimation (MLE) is a method of estimating the
parameters of a statistical model given data.

* Likelihood is the conditional probability of observations D
= {x(l), x(z), e x(N)} given the value of parameters 0

Assuming i.i.d. observations:

N
p(D10) = | |p(x®]0)
i=1

|

likelihood of 8 w.r.t.the samples

* Maximum Likelihood estimation

0,,, = argmaxp(D|0)
0
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Maximum Likelihood Estimation (MLE)

p(D|6)
1.2x 107/
8x1077
4x107

6 best agrees with the observed samples
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Maximum Likelihood Estimation (MLE)

p(D|6)
1.2x 107/
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Maximum Likelihood Estimation (MLE)

o N N
L(@) =Inp(D|O) = 1n p(x(i)|9) = > In p(x(i)|9)
| o=,

p(0e) 1
12x 107}
8x107}
ax 107}

| 2 3 4 56 7
1(8)

20}
40}
60}

-100¢
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Maximum Likelihood Estimation (MLE)

. N N
£©®) =np@10) =In| [p(x®]6) = > Inp(x®|6)
i=1 i=1
N
0,,, = argmax L(0) = argmaxz In p(x(i)|9)
9 o &
oy
12x 1077}
* Thus,we solve VoL(0) = 0 g 107
to find global optimum Axi07) . .6
) 1 2 3 4 5 &) 7

20}
40+
60}

100

Sharif University
MLE, MAP Estimation & Bayesian of Technology




MLE Bernoulli

* Given:D = {xD),x@, . xM} m heads (1), N — m tails (0)

p(x|0) = 6%(1— )
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MLE Bernoulli

* Given:D = {x,x@, . xM} 'm heads (1), N — m tails (0)

p(x|6) =6%(1—0)'*

N N
P(D|9) = l—[p(x(i)lg) — l—lgx(i) (1 - 9)1_x(i)
t=1 i=1
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MLE Bernoulli

» Given:D = {x(l),x(Z), ___’x(N)}’m heads (1), N — m tails (0)
p(x]0) = 6%(1 — 9)1~*
N N
p(D|6) = HP(X(E)W) = 1_[996(1)(1 _ 9)1—x(1)
i=1 i=1

N

N
Inp(D]6) = Z Inp(x®|g) = Z{x(f) In6 + (1 — x0)In(1 — 6)}
i=1

i=1
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MLE Bernoulli

» Given: D = {xM,x@), .., xM} m heads (1), N — m tails (0)

p(x|6) = 6*(1—-6)'"*

N

N
p(DI6) = Hp(x(i)le) = 1_[ 6 (1 - g)1—**
=1

=1

N N
Inp(D|6) = Z Inp(xD]9) = Z{x@ N6+ (1 —x®)In(1 — )}
i=1 (=1

dInp(D|6) N x® m
T
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MLE Bernoulli: example

? Example: D = {1,1,1}, 0y, == =1

Prediction: all future tosses will land heads up

» Overfitting to D
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MLE Gaussian: unknown u

1
p(xlu) = \/_J
Inp(x®|u) = —ln{\/_a} - (x(l) — ,u)

0LW _ o, —(Z lnp(x(‘)lﬂ)) =0= Zaz =2 =n)

o

=0= iy, = ﬁzx(i)
i=1

MLE corresponds to many well-known estimation methods.
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MLE Gaussian: unknown y and o

0 = [u, o]
T
VeL(8) =0
0Ly, 0) _ Z ()
o = Ay, = N

0L(u, o)

1 N
: 2
:0:)62 = — (x(l)_’\ )
ML E HmL
do N <
=1
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Maximum A Posteriori (MAP) estimation

* MAP estimation
64p = argmax p(8|D)
0
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Maximum A Posteriori (MAP) estimation

* MAP estimation
64p = argmax p(8|D)
0

* Since p(0|D) x p(D[0)p(6)

Orap = arggnaxp(me)p(ﬂ)
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Maximum A Posteriori (MAP) estimation

# MAP estimation
6114p = argmax p(8|D)
0

» Since p(0|D) x p(D]O)p(0)

B1uap = argmax p(D|6)p(6)

» Example of prior distribution:
p(@) = N(QOJJZ)
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MAP estimation Gaussian: unknown u

p(x|u)~N(u, 02)  is the only unknown parameter
p(ﬂlﬂo)”N(ﬂo, O'Oz) Ho and g, are known
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MAP estimation Gaussian: unknown u

x|w)~N(u, o  is the only unknown parameter
;E#Iﬁz)“’f\?(l;lo 33) Ho and g, are known

—ln (p(u)l_[p(x(‘)lu)) =0
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MAP estimation Gaussian: unknown u

p(x|u)~N(u,o?) U is the only unknown parameter
P(ﬂ|ﬂ0)~N(;to g2) Ho and g are known

—ln (p(u)l_[p(x(‘)lu)) =0

N
1 . 1
> ) L 0 = ) = = i) = 0
=’ %
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MAP estimation

Gaussian: unknown u

p(x|p)~N(u, %) U is the only unknown parameter
p(lo)~N(io,02)  Ho and oy are known

N
d .
) —
dﬂln p(w) Up(x u) | =0

N
1 . 1
=:’;ﬁ(-’f(”—M)—U—g(ﬂ—iuo)=0

05 N (i)
R Ho +? i=1X
= Umap = 52
1+=2N
o

Sharif University
MLE, MAP Estimation & Bayesian of Technology




MAP estimation

Gaussian: unknown u

p(x|u)~N(u, o?) u is the only unknown parameter
p(u|po)~N(ug, 02)  Hoand gy are known

—ln (p(u) np(x(‘)lu)) =0

ﬁz;ﬁ(xm _P‘)—a—oz(l«l—uo) =0
l=

05 N (i)
A Ho +ﬁzi=1x
=\Upmap = 2
1+=2N
o

o N x@
O_2>>10I’N—>00=>[,LMAP—[,LML— N
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Maximum A Posteriori (MAP) estimation

* Given a set of observations D and a prior distribution p(@) on
parameters, the parameter vector that maximizes p(D|0)p(0)
is found.

/P(DIQ)

0!

(b)

(a

Opap = Oy Omapr > OyL

a? No}

HUn =
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MAP estimation

Gaussian: unknown u (known o)

p(u|D) < p(wW)p(D|w)

p(ulD) = N(ulpn, on)

‘75 N i

Un = 2
1+%N

1 1 N

7= 31t 3

More samples = sharper p(u|D)
Higher confidence in estimation
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Conjugate Priors

®* We consider a form of prior distribution that has a simple
interpretation as well as some useful analytical properties

® Choosing a prior such that the posterior distribution that is
proportional to p(D|@)p(0) will have the same functional

form as the prior.

Va,D 3a’ P(O|a’) x P(D|B)P(0|x)

NS

Having the same functional form

Sharif University
MLE, MAP Estimation & Bayesian of Technology




Prior for Bernoulli Likelihood

. . . !
° Beta distribution over 6 € [0,1]: Elol=—+
5 _ a; —1
Beta(0|ay, ap) x §%171(1 — §)%~1 S ap-lta -1
['(ag + aq)
Beta(d — Q% ~-1(1 — g)% 1 most probable 6

* Beta distribution is the conjugate prior of Bernoulli:

P(x|0) = 0*(1—0)1*
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p(6)

po)

p(6)

p(0)

Beta(3.,2)
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Beta(15,10)

0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1
0 0 0
Beta(1.1) Beta(2,2) Beta(10,10)
) S
<Y St
0 0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8 1

0
Beta(0.5,0.5)

Sharif University
of Technology



Benoulli likelihood: posterior

Given: D = {x(,x@, .., xM} m heads (1), N — m tails (0)

p(61D) o p(D|6)p(6)

N
- 1_[ 9* (1 — g)(1-*) Beta(f|ay, ap)
=1 : ’

\\ e 90:1—1(1 _ 9)0:0—1
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Benoulli likelihood: posterior

Given: D = {x(,x@, .., xM} m heads (1), N — m tails (0)

p(61D) o p(D|6)p(6)

N
- 1_[ 9* (1 — g)(1-*) Beta(f|ay, ap)
=1 : ’

\\ e 90:1—1(1 _ 9)0:0—1

e 9m+a1—1(1 _ Q)N—m+a0—1

MO

N
m =
=1

i
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Benoulli likelihood: posterior

Given: D = {x(,x@, .., xM} m heads (1), N — m tails (0)

p(61D) o p(D|6)p(6)

N
- 1_[ 9* (1 — g)(1-*) Beta(f|ay, ap)
=1 : ’

\\ e 90:1—1(1 _ g)ao—l

e 9m+a1—1(1 _ Q)N—m+a0—1

m= ) x®

= p(6|D) «x Beta(O|az, a}) z

a; =a;+m

N
=1

ap=a9g+N—m
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Example

251

n
T

42

Prior
Beta:ag = ay =2

p(x|6) = 6*(1—6)'*

likelihood function

Bernoulli
p(x =1]6)

L L L L L L L L L
0 0.1 02 03 04 05 08 07 08 0.9




Example

DN . p(x|6) = 6%(1 - 6)'
.. Prior 7| likelihood function
| Betaiqp =a; =2 | Bernoulli

o p(x = 1|6)
05h . O *

0 0.5 1
0 0.1 02 0.3 04 g 06 0.7 08 09 1 9

Given: D = {x(l),x(z), ...,x(N)}:

| Posterior | mheads (1), N — m tails (0)
| Beta:; = 5,

a0=a1=2

D={1,1,1}> N=3,m=3

0

L L L L L L L
0 0.1 02 03 04 05 06 07 08 0.9 1

0

Oy ap = P(8|D) = -1 _4
MAp = ATENAX Taj-1+aj,—1 5
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Coin toss example

» MAP estimation can avoid overfitting
D ={1,11},0y, =1
Oy ap = 0.8 (with prior p(6) = Beta(8]2,2))
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Summary

* ML and MAP result in a single (point) estimate of the
unknown parameters vector.
More simple and interpretable than Bayesian estimation

* Both methods asymptotically (N — o) results in the
same estimate.
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Resources

* C. Bishop, “Pattern Recognition and Machine Learning”,
Chapter 2.

* Course CE-717, Dr. M.Soleymani
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